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Abstract
Examples of Zariski k-plets of rational curve arrangements are given for any k. We use dihedral
covers to distinguish the embeddings of the curves in the plane.
 2004 Elsevier B.V. All rights reserved.
MSC: 14E20
Keywords: Dihedral cover; Zariski k-plet
Introduction
A k-plet of reduced plane curves (C1, . . . ,Ck) is called a Zariski k-plet, if
(i) there exist tubular neighborhoods Ti(Ci) (i = 1, . . . , k) such that Ti(Ci) and Tj (Cj )
are homeomorphic for all i and j , and
(ii) there are no homeomorphisms f :P2 → P2 such that f (Ci) = Cj for any i and j , i.e.,
there are no homeomorphisms between pairs (P2,Ci) and (P2,Cj ).
As it is indicated in [1], the topology of a tubular neighborhood T (C) for a reduced
curve C is determined by its combinatorial data.
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In the case of k = 2, a pair of reduced plane curves (C1,C2) satisfying the conditions
as above is called a Zariski pair. The first example of a Zariski pair was given by Zariski.
It is a pair of 6-cuspidal sextic curves (see [9,19,20], for detail). His example had been
the unique one for a long time. Since early nineties, many examples of Zariski pairs have
been found, see [1,2,4–6,8,10–12,15–17]. In [7], Kulikov proved Chisini’s conjecture for
some cases and obtained Zariski quintuplets for irreducible curves as an application of
his result. In this note, we give new examples of Zariski [m2 ]-plet, where [a] denotes the
greatest integer not exceeding a, for reduced plane curves of degree m + 2 (m 4) whose
irreducible components are only rational curves.
Zariski k-plets are related with the number of connected components of equisingular
family of plane curves. The equisingular family of a curve C of degree d is the set
of all curves of degree d having a regular neighborhood homeomorphic to T (C); the
existence of Zariski k-plets implies the existence of equisingular families with at least k
connected components since if two curves are in the same connected component they have
homeomorphic embeddings in P2. The existence of equisingular families with arbitrary
many connected components has been proved by Shimada [13]. His construction is similar
to ours, since the examples correspond to union of two curves; he proves directly the
existence of many connected components but it is not known if his examples produce
Zariski k-plets, since fundamental groups of the complements are always Abelian.
Theorem 1. Let m be a positive integer  4. There exists a Zariski [m2 ]-plet of reduced
plane curves (C1, . . . ,C[m2 ]) of degree m+2 with the combinatorics as follows: For every i ,
Ci consists of two irreducible components C(2)i and C(m)i such that
(a) C(2)i is a smooth conic and C(m)i is an irreducible curve of degree m with (m−1)(m−2)2
nodes, and
(b) C(m)i is tangent to C(2)i at m distinct points.
The irreducible components of the curves in Theorem 1 are all rational curves. Such
examples of Zariski pairs were given in [4,3,5,8]. Our Zariski k-plet is not only another
such example, but also its combinatorics is as elementary as the one given in [8].
Our proof of Theorem 1 is based on the theory of dihedral Galois covers. It was
developed in [14] and exploited in [4,5,15–17]. In this note, we also use it but in a different
way from those in the previous works. Namely while in the previous articles we only
considered dihedral covers branched along given curves with ramification index 2, we here
consider dihedral covers satisfying a different condition on the ramification index along
the branch loci; this adds another new feature to our result. Let us explain more it more
precisely.
Let C0 be a smooth conic in P2. Let f :Z → P2 be a double cover branched at C0. It is
well known that
(i) Z = P1 × P1 and
(ii) the covering transformation σf switches the two ruling on Z.
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The Picard group Pic(Z) is naturally isomorphic to Z⊕Z and we use a pair of integers
(a, b) to describe the class of Pic(Z); we will say that a curve of type (a, b) is of bidegree
(a, b). The bidegree is given by the intersection number with vertical and horizontal lines.
Note that σ ∗f (a, b) = (b, a) for (a, b) ∈ Pic(Z) and also D0 := (f ∗(C0))red ∼ (1,1) since
it is the diagonal line. Our proof of Theorem 1 is based on the following proposition.
Proposition 2. Let n be an integer  3. Let D be an irreducible curve on Z such that
(i) σ ∗f D = D, and
(ii) D is of bidegree (a, b).
Then, there exists a D2n-cover of P2 branched at 2C0 + nf (D) if and only if a − b
is divisible by n. In particular, if a = b, there exists a D2n-cover of P2 branched at
2C0 + nf (D) for any n 3.
Remark 3. This statement implies the existence of epimorphisms of the fundamental group
of the complement of C0 ∪ f (D) onto D2n. For the case a = b, we can also prove the
existence of such an epimorphism for D∞ = Z/2Z ∗ Z/2Z.
For terminologies on D2n-covers, see Section 1. In Section 2 we give conditions for the
existence of D2n-covers. In Section 3 we construct the needed rational curves in P1 × P1.
In Section 4 we show how Theorem 1 follows easily from Proposition 2.
1. D2n-covers
Let X be a normal projective variety and let Y be a smooth projective variety defined
over C. We call X a cover of Y if there exists a finite surjective morphism π :X → Y . The
rational function field C(X) is regarded as an algebraic extension of that of Y , C(Y ), with
degπ = [C(X) :C(Y )]. The branch locus of a cover π :X → Y , denoted by ∆(X/Y ) or
∆π is the subset of Y given by
∆π := {y ∈ Y | π is not locally isomorphic over y}.
It is well known, [21], that ∆π is an algebraic subset of codimension 1. We call X a D2n-
cover if
(i) C(X)/C(Y ) is Galois; and
(ii) Gal(C(X)/C(Y )) ∼= D2n, the dihedral group of order 2n.
To represent D2n, we use the notation
D2n =
〈
σ, τ | σ 2 = τn = (στ)2 = 1〉,
and fix it throughout this article. Given a D2n-cover π :X → Y , we canonically obtain the
double cover, D(X/Y ), of Y by taking the C(X)τ -normalization of Y , where C(X)τ is
the fixed field of 〈τ 〉. The variety X is an n-cyclic cover of D(X/Y ) by its definition. We
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denote the covering morphisms by β1(π) :D(X/Y ) → Y and β2(π) :X → D(X/Y ). Let
π :X → Y be a D2n-cover; let us consider ∆π as a reduced divisor on Y . Let ∆π =∑i Bi
be its decomposition into irreducible components. We say that π is branched at
∑
i eiBi if
the ramification index along the smooth part of Bi is ei . For the construction of D2n-covers,
we have the following:
Proposition 1.1. Let n  3 be an integer. Let f :Z → Y be a smooth double cover, and
let σf denote its covering transformation. Suppose that Y is simply-connected and there
exists a reduced divisor D satisfying the following conditions:
(i) σ ∗f D and D have no common component.
(ii) There exists a line bundle L on Z such that D−σ ∗D ∼ nL, where ∼ means the linear
equivalence.
Then there exists a D2n-cover π :X → Y such that D(X/Y ) = Z and π is branched at
2∆f + nf (D).
Proof. If n is odd, our statement is a special case of [18]. If n is even, then by [14,
Remark 3.1] and a similar argument to the proof of [18, Proposition 1.1], the result
follows. 
Corollary 1.2. If σ ∗f D ∼ D, then there exists a D2n-cover of Y branched at 2∆f + nf (D)
for any n 3.
In [14], we gave a method for constructing D2n-covers under more general settings. In
this article, however, Proposition 1.1 is enough for our use. As for a necessary condition
for the existence of D2n-covers, we have the following:
Proposition 1.3 [14, Section 2]. Let π :X → Y be a D2n-cover such that D(X/Y ) is
smooth. Then there exist (possibly empty) effective divisors, D1 and D2, and a line bundle
L on D(X/Y ) satisfying the following conditions:
(i) D1 and σ ∗D1 have no common component. We denote the irreducible decomposition
of D1 by
∑
j ajD1,j .
(ii) If D2 = ∅, then n is even and D2 is a reduced divisor such that there exists a divisor
B2 on Y satisfying D2 = f ∗B2.
(iii) D1 + n2D2 − σ ∗D1 ∼ nL.
(iv) ∆(X/D(X/Y )) = Supp(D1 + σ ∗D1 + D2). The ramification index along D1,j
(respectively, an irreducible component of D2) is ngcd(ai ,n) (respectively, 2).
Corollary 1.4. Let D be an irreducible component of β1(π)(∆β2(π)). Suppose that the
ramification index along D is not equal to 2. Then β1(π)∗D is in the form D′ + σ ∗D′
for some irreducible divisor on D(X/Y ). In other words, β2(π) is branched at 2D if
D = σ ∗D.
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2. D2n-covers branched along two irreducible curvesLet Σ be a smooth simply-connected algebraic surface and let B be a reduced curve on
Σ consisting of two irreducible components B1 and B2. Assume that:
B1 is smooth and there exists a double cover f :Z → Σ branched at B1. (∗)
Note that Z is smooth since B1 is smooth. We consider the existence of D2n-cover
π :S → Σ , n  3, such that D(S/Σ) = Z and β2(π) is branched at nB2. If f ∗(B2) is
irreducible, there does not exist any D2n-cover as above by Corollary 1.4. Hence we may
assume that f ∗(B2) is in the form of D+σ ∗f D for some irreducible divisor D on Z, where
σf denotes the covering transformation of f . By Proposition 1.1 and Corollary 1.2, the
following is straightforward:
Proposition 2.1.
(i) If D − σ ∗f D ∼ nL, for some L ∈ Pic(Z), then there exists a D2n-cover π :S → Σ
branched at 2B1 + nB2.
(ii) If D ∼ σ ∗f D, then there exists a D2n-cover π :S → Σ branched at 2B1 + nB2 for any
n 3.
Also we have the following necessary condition for the existence of D2n-covers.
Proposition 2.2. If there exists a D2n-cover π :S → Σ for n 3 such that D(S/Σ) = Z
and π is branched at 2B1 + nB2, then there exists a divisor R such that D − σ ∗f D ∼ nR.
Proof. Let D1 be the divisor in Proposition 1.3. By the assumption on the branch locus and
the ramification index, we may assume that D1 = aD, gcd(a,n) = 1. By Proposition 1.3,
a
(
D − σ ∗f D
) ∼ nR′
for some divisor R′ on Z. Since gcd(a,n) = 1, there exists k such that ka ≡ 1 mod n. Put
ka = 1 + ln. Then we have
D − σ ∗f D ∼ n
(
kR′ − lD + lσ ∗f D
)
. 
Proof of Proposition 2. Applying Propositions 2.1 and 2.2 to the case of Y = P2 and the
double cover f :Z → P2 in the Introduction, we have Proposition 2. 
3. Some rational curves on P1 × P1
In this section, we see that the curves described in Theorem 1 exist. We keep the
notations as before.
Lemma 3.1. Let Da,b be a nodal rational curve on Z of bidegree (a, b); it is an irreducible
rational curve with ab − (a + b)+ 1 nodes. Let us suppose that Da,b and σ ∗f Da,b meet at
a2 + b2 distinct points.
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Then, f (Da,b) is a nodal rational curve of degree a + b which is tangent to C0 at
distinct a + b points.
Proof. As Da,b + σ ∗f Da,b ∼ (a + b, a + b), f (Da,b) is a rational curve of degree a + b.
Note that Da,b ∩ D0 ⊂ σ ∗f Da,b . Since all the intersections are transverse, there are exactly
a + b points in Da,b ∩ σ ∗f Da,b ∩ D0 and these points are mapped to the tangent point
between C0 and f (Da,b). The remaining (a2 + b2)− (a + b) = (a + b)2 − (a + b)− 2ab
points in Da,b ∩ σ ∗f Da,b give rise to (a+b)(a+b−1)2 − ab nodes of f (Da,b). The remaining
nodes come from the ab − (a + b)+ 1 nodes. 
Lemma 3.2. There exists a nodal rational curve Da,b as in Lemma 3.1.
Proof. Let t be an inhomogeneous coordinate of P1 and let ga(t) be a rational function of
degree a. Consider a morphism ηa,b from P1 to P1 × P1 given by
t → (ga(t), gb(t)
)
.
If we choose general ga(t) and gb(t), then ηa,b(P1) is a nodal rational curve. Also by
replacing ga(t), gb(t) by ga(t) + ca , gb(t) + cb , ca , cb being some constants, if necessary,
we may assume that ηa,b(P1) meets σ ∗f (ηa,b(P1)) at a2 + b2 distinct points. 
4. Proof of Theorem 1
We keep the notations in Section 3. Let m be any integer 4. Then we have [m2 ] distinct
pairs of integers: (m − k, k) (k = 1, . . . , [m2 ]). Let Dm−k,k be the nodal rational curve as
in Lemma 3.2. By Lemma 3.1, C(m)k := f (Dm−k,k) is a nodal rational curve of degree m
tangent to C0 at m distinct points. Put Ck := C0 ∪ C(m)k . Since {m − 2k | 1 k  [m2 ]} is a
set of [m2 ] elements, Theorem 1 follows immediately from Proposition 2.
Remark 4.1. It might be an interesting problem to consider geometric difference of curves
in Theorem 1, since our construction of curves in Section 3 does not give any such data.
In the particular case of bidegree (a, a), there exists a symmetric curve Ea in P1 × P1
of bidegree (a, a) such that its image in P2 is a curve of degree a passing through the
tacnodes of C(2a)a ∪ C0 and the a2 − a nodes coming from the intersection points of Da,a
and σ ∗f Da,a outside D0. This curve can be obtained by looking at the pencil of curves in
P1 × P1 generated by Da,a and σ ∗f Da,a . This pencil is invariant by σf ; this implies that
two elements of the pencil are fixed; one of them has D0 as component and the other one
is Ea .
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